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INTRODUCTION
Let
@ =13 a.z™ (a #0) ey
m=0

have a radius of convergence o, (0 < 0y < +0).
The entries of the Padé table of (1) are ratios of polynomials which may be
represented explicitly in terms of the Hankel determinants introduced below.
Let (m, n) be a pair of nonnegative integers; put

a, =0 (=123,

and consider the determinants

ay A Am—p t Apenia
(n) A1 [27% A T Qmons2 ()]
Ay =| " e L A =1, (D)
Anin—1 Amin—2 Qmin-3 °°° An

and the polynomials

1 z z% v R
Apy1 Am Ay vt Apenn

Dmn(z) = |Gni+2 Am+1 ap, t Qmenys | D, (2)=1. (3)
Amin Omin—1 Amin-z "~ Qm
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Whenever 4" = 0, we introduce the normalized Padé denominator of the
entry (m, n) of the table of (1)
D'nln Z
Omn(z) = A(n()) =1 = qy(m, n)z — o 4 gulm, n) 20 (4)

m

The corresponding, normalized, Padé numerator is given by

n

P’mn(Z) = 2 p:i(r”? I’I) Zj’ (5)
i—0
with
a; a; 4 aj o dig
| Uy Ay Ay t Qpepan
pj(m, 71) = W g Ay ay, Tt Apgae |- (6)
m ..
pin Auin-1 Gmin-2 77 Ay

The constant term and leading coefficient of P,,,(z)

(n+1)
m

polm, n) = aq , Pmlim, n) == T M

play a dominant role in this note.

It is convenient to express the fundamental property of the approximant
P,../Qmn in terms of a contour integral involving an arbitrary polynomial of
suitable degree: If V,,,(z) is a given polynomial of degree <\n, we have

_ 2z f(D) QunlD) Vimn(D)
{f(Z) an(z) - Pmn(z)} an(z) - Qi [g €m+n+1(c - Z) dé, (8)
where we may take for contour € the circumference | { | = r (0 < r < o)

described in the positive sense. (A simple deduction of this elementary
formula is found in [3, p. 436)).

The Padé polynomials P,,, , Q... are obvious generalizations of the notion
of partial sum (or section) of the power series (1). One may expect that the
distribution of the zeros of the Padé polynomials is described by theorems
analogous to the classical results of Jentzsch, Szegd, Carlson, and
Rosenbloom.

I show here that, if o, << + 0, that is if the series (1) has a finite radius of
convergence, the analogy with the results of Jentzsch and Szegé is complete;
I prove

THEOREM 1. Ler f(z), defined by (1), be a nonrational function whose
radius of meromorphy is 7 (o, << 7 < -+ 0). This means that f(z) is mero-
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morphic in the disk | z | <7 and also that, if + < + 0, there is a nonpolar
singularity of f(z) on the circumference | z | = .

Let n = 0 be a given integer and let o, (< + o0) be the radius of the largest
disk | z | < o, which contains no more than n poles of f(z) and none of its
nonpolar singulairities.

Then, if o, << + o0, it is possible to find an unbounded sequence S(n), of
strictly increasing positive integers, which behaves as follows.

I ADA™D £0 (meSh).

1I. Consider the normalized Padé numerators P,,(z). Given e
(0 < € << 1) and m € S(n), there are, in the annulus

I—¢&o, <lz|<U+ ¢ oy,
m(1 — 7,,) zeros of P,,(z), where
0<%m, Nu—>0  (m— 00).

1. If N(m; @y, ¢,) denotes the number of zeros of P,.(z) whose
arguments lie in the interval

prargz <@ (91 < @ < @ + 2m),

we have

N(m; @1, @2) PP
m 27

(m — oo, m € S(n)). ©

For n = 0, Theorem 1 coincides with Szegé’s remarkably precise form of
Jentzsch’s theorem [13].

If f(z) is entire, the preceding result does not apply because o, = o0 for
all n. On the other hand, the results of Carlson [1] and Rosenbloom [10]
suggest very specific conjectures concerning the behavior of the zeros of the
Padé polynomials associated with entire functions of infinite order or of
finite, positive order. I have recently established these conjectures and
propose to present my results on some other occassion.

It is possible to assert a good deal more about the zeros of the Padé
polynomials if one is prepared to assume more about f(z). Results which are
interesting and suggestive may be derived from the close study of some
special choices of f(z). Among them, the choice

f2) = ¢

stands out as particularly important: It was the foundation of Padé’s original
work and, quite recently, it has led Saff and Varga [12] to results which are a
model of elegance and precision.
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My proof of Theorem 1 makes essential use of the following elementary
property of sequences.

Lemma 1. Let {o,}m_; be a complex sequence such that

lim sup | a,, 1™ == 1. (10)
Then, if
lim Lnfl o (M < 1, (11)

there exists an infinite sequence ¥, of positive, strictly increasing integers,
such that the conditions

m— oo, meX, (12)

imply

| oy LM~ 1, ot — g1 Omey (Y™ —> 1. (13)

The following remarks show that Lemma I, and in particular its very
simple proof, may have some independent interest.

ProrosiTION A. If, in addition to (10) we assume

lim sup | a,® — atyegyq [V <1, (14)

m->x

relations (13), and consequently also (11), cannot hold. Hence (10) and (14)
imply
lim | o, 17 = 1. (15)

Proposition A may be considered as a restatement of an important lemma
of Hadamard [S, pp. 26-28; 2, p. 330, Lemma 2]. Hadamard discovered and
used the lemma to establish his fundamental results on polar singularities
[5, pp. 24-40; 2, pp. 329-335]. Hadamard’s original proof is not very simple
and he says about his lemma ‘“c’est le point délicat du raisonnement” [6,
p. 80]. More than 30 years after Hadamard’s discovery, Ostrowski [7] and
PSlya [8] returned to the question and gave new elementary proofs of
Hadamard’s lemma. 1 believe that my proof (in Section 3), of the more
informative Lemma I, is notably simpler than any of the published proofs of
Hadamard’s lemma.

I conclude this introduction by stating some notational conventions which
are used throughout the paper:

(i) Restrictions such as m > m, , immediately following some relation,
mean that the relation in question holds for sufficiently large values of m;
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(i) by {nmm I denote a sequence such that %,, — 0 as m — co. The
positivity of the »,,’s is not assumed;

(it} it is understood that the sequences {7,,} and the bounds m, are not
necessarily the same ones each time they occur.

1. THE SEQUENCE OF POLES OF f(z) AND THE POLYNOMIALS Vy(z)

If
g = T << -0,

there are no poles of f(z) closer to the origin than the nonpolar singularity or
singularities which lie on the circumference | z | = .

In all other cases, poles are present and we list explicitly all those which lie
in the open disk | z | < 7,

by s by sores By s Y

The above sequence may be finite or infinite; multiple poles are repeated as
often as indicated by their multiplicities and the sequence arranged so that

0<|b<[by| <|bg| =< ...

If (1.1) has a last element, say b, , it is convenient to set
00 = by = by = . (1.2)

We define Vy(z) = 1, and for all values of k = 1, 2, 3,...

Vi@ = T[] (1 — bi) - z v,(k) z°. (1.3)

1<igk g 520

Whenever necessary, we interpret, with their obvious meaning, the relations
(1.3) in the light of the convention (1.2).
1t is clear that our definitions always imply

gy == min{l bk.Ll I N T}. (1.4)

2. UrPER BOUNDS FOR THE PADE POLYNOMIALS

For every value of the integer k == 0, set

0 k
A& =1 V@ = 3 a2 = 3 (L am@) @)

j=0 =!

6.40/24/3-6
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In every case, fi(z) represents a function regular for
Lzl <oy (k=0,1,2,3,..), (2.2)
and hence, by Cauchy’s estimate
(@ [0 = 9" < max { i@} = M. (2.3)
provided |

oy, < 400, 0<e <oy, s k=0,1,2,..

Again, we define a'® == 0 for s < 0; this enables us to use (2.3) without the
restriction s == 0.

My Lemma 2.1 stated and proved below is little more than a rearrangement
of the well-known arguments which led Hadamard to his important results
on polar singularities. For the convenience of the reader I sketch a brief,
self-contained proof.

Lemma 2.1, Let D,,,(z) be the determinant defined in (3) and let
Ap() = Max | Dyy(2). (2.4)

Then, for n and t fixed (1 < n, 0 < t), we have
n-1
lim sup{d,. (0 < [] o7, 2.5)
e j=0
and in particular, for t = 0,
n-—-1
lim sup | A 1" <[] o5 (2.6)
m-o>%" j=0

If 6,4 = + 0, the right-hand sides of (2.5) and (2.6) are to be interpreted as 0.

Proof. We assume, in the following proof, that o,_, << ---c0; the slight
modifications necessary to cover the case o,_; = 4 oo are obvious and are
left to the reader. The determinant D,,,(z) is of order n + 1; we number its
rows from O to n. To each one of its rows we add a linear combination of the
preceding rows. More precisely, to the jth row we add a linear combination
of the rows 1, 2, 3,..., j — 1, with the respective coefficients

vi-—l(j - 1)’ U]'f2(j - 1)""3 Ul(j - 1)
This transforms the jth row of the determinant D, .(z) into

G-1 G-1) (1) G-1) (2.7)

iy Amaj—a s Amyj=a 5eees Ayyiion -
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Following this procedure, we modify successively the rowsn,n — 1, n — 2,...,

2; the rows 1 and O remain unaltered. This leads to a new form D(z) of

D{™(2); the rows 1, 2, 3,..., n of D(z) are given by (2.7) withj = 1, 2, 3,..., n.
Using (2.3), we find

lag? | < Myy(o,0 — 9 < Myy(o, — ™ K" (j—n <1 <)),
(2.8)
where we may choose

K=1%(0p— &)+ ony.

It is no restriction to assume ¢ > 1. Hence, for a suitable value of z,
(| z, | = t), we have, in view of (2.8)

' Don(ze)l = dunt) = | D(z)|

n—1
< (n -+ DVOKT MMM, -+ Mo_y [] (05 — ™ (2.9)
=0

Hence with ¢, n, and e fixed, (2.9) yields

n-~1

lim sup{d, (O} < T] (o5 — 2.10)

i=0

Since the left-hand side of (2.10) is independent of ¢, we deduce (2.5) from
(2.10) by letting € -~ 0--. This completes the proof of Lemma 2.1.

LEMMA 2.2, Let the value of the integer n == 0 be fixed, let o, << + o0 and
let the values of m be restricted to some infinite sequence £ of strictly in-
creasing positive integers such that

n—1
AP Y S [T o7t (m—> o, me &, n = 1) (2.11)
=0

[For n = 0 our definitions imply A\Y = 1 and (2.11) takes the trivial form
[AD jm 1 asm — o0.]
Put

2, = max | P, (2)l. (2.12)
Then
Q"1 (m-—> o0, me ). (2.13)

Proof. Since
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it is clear that
AP 20 (m > my, me#)
Hence, by (4), (2.4), (2.5), and (2.11)
max | Qun(@) = Ay s duulon)/i 4 o, (2.14)
< (1 -+ )™ N — 0, 1 — 0, m e ). (2.15)

(The above relation is trivial if n = 0.)
In the remainder of the proof » is fixed and we simplify our notation by
writing

Pm ’ Qm ’ V’ Am s O p:i('n),

instead of
Poins Qoun s Vs Aiin s 00 P, ).
Select € (0 << 3¢ << o) such that V(z) has no zeros in the annulus
c—3e <|z| <o;

€ is otherwise arbitrary. Clearly

mm ] V(z)| = (efo)™. (2.16)
We now introduce M (necessarily finite) by the relation

max | f(§) V()| = M. (2.17)

Consider (8) and notice that, since f(z) V(z) is regular for | z | < o, we may
use for contour % the circumference

By elementary estimates, (8), (2.16), and (2.17) now yield
min, | V()| max | Pu(a)] < (1 + ofe) HA,, .

|z1=0—2¢

max | P,(z)| < Qe~n-1gnHINIA, (2.18)
This inequality and Cauchy’s estimate imply

| pim)| @ < (of(0 — 2¢)) 2 om UM, (=0, 1,2,..., m),
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and hence, by (2.12) and (2.15),

Qp < 2m + 1) e oML + )" (of(c — 20" (m e £),

lim sup QE™ < g)(c — 2¢).

me?
The left-hand side of this relation is independent of € and consequently,
letting e — 0+, we may replace its right-hand side by 1. Since

.Qm>]Pm(0)|:Ia0|;é:O,

we immediately obtain (2.13) and thus complete the proof of Lemma 2.2.

3. LEMMA I AND 1TS CONSEQUENCES

Proof of Lemma I. Let L > 1 and € > 0 be given. Assume that € is small
enough to imply

lim inf | @, P/m < 1 — ¢ 3.1

there are no further restrictions on e.
Since (1/m)*/™ — 1 as m — <o, we also have, by (10) and (3.1)

1/m 1/m

<1l—e (3.2)

. X,
lim sup [ —2%
P m

m-w

=1, liminf|2™
m

mo®

From (3.2) we deduce the existence of three integers j, k, [ such that

L<j<k<l
and
oy 1/k 11
i B T QS ’%’“— >1—e ’07 <1—e
Then there must exist some integer m such that
1/m 1/s
L <j<m<]|, L. :maxi‘— .
m i<s<i| g
Hence the four following inequalities hold simultaneously:
Qi 1/m R
— > 1 — ¢, m> L, 3.3
m
e e R e e P
m m— 1 ’ m m -+ 1 )
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By (3.4) and (3.3)

o = s | Lo B 1 (1 —,—ﬂ'—g)g (L~ 9™, m L (3.5)

We now use the preceding inequalities to define, successively, the members
m(j)(=1,2,3,.) of the sequence .¥ of Lemmal. Assume that m(j)
(j = L, 2,..., N) have been determined. In view of the arbitrary character of
€ and L we may use (3.5) with

1
€ = m’ L = ’n(N).

Hence (3.5) enables us to select m = m(N + 1) such that

’ 1 2
Lo — Em4+1%m—1 [tm > (1 - m) s
o = 1 — m(N + 1) > m(N).

N-+17

This concludes our proof of Lemma I since it is now obvious that the
sequence

& = {m(N)fna

has the properties expressed by (12) and (13).

4. SELECTION OF THE SEQUENCE S(n)

We start from the relations
n—1
lim sup i A::) Illm —= H 0-;._1 = hn (I’l == l, 2, 3,...), (41)
m->x0 =0

which follow, by induction, from the reasoning in [2, p. 334]. The formulation
(4.1), which is the most convenient one for my purpose, is clearly equivalent
to the fundamental results of Hadamard on polar singularities [2, pp. 329-
335].

LEMMA 4.1. Let the assumptions and notations of Theorem | be satisfied.

Let the integer n = 1 be given and let ¢, < + 0.

It is then possible to determine an infinite sequence S(n), of strictly in-
creasing positive integers such that, as

m— o, m e S(n), 4.2)
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the two relations

n—1 n
| A,f:) lllm N I‘[ 0_;—1’ l A::H-l) lllm — l—[ Uj_l, (4.3)
i=0

j=0
simultaneously hold.

Proof. From
0 <oy <o; <o, <400 0 <j<n), (4.9)
and (4.1) we see that

0<h <+4+w a<j<s<n+1.
Write

and introduce the sequences {a,}, {Ym}, {0n} defined by

U = HTANY, oy =hTTASTY, S = h"ARTY. (45
From the well-known identity

(A — AhAn)y = A4 (> 1,m > 0)

[9, p. 102, Example 19] (the notation of Pélya and Szegé differ from the ones
adopted here), we deduce

Gm = I amz — O y10m—y I = ] Ym ” 3111 I ) (46)
and from (4.1), (4.4), and (4.5)

lim sup | oy [V = 1, 4.7)

lim sup | yp m = ——, 4.8)
m-o0 Ty

lin"ll_)swup [ 8 V™ = 0,y . 4.9)

From (4.6) and (4.7) we also conclude
lim sup GY™ = lim SUP | Y - (4.10)
Now there are two possibilities; either

x <1 4.11)
or
x = 1. 4.12)
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Assume first that (4.11) is satisfied. Then, (4.7), (4.10), (4.11), and
Hadamard’s lemma [stated as Proposition A of the Introduction] show that
(15) holds. We next use (4.8), and see that there exists an infinite sequence
S(n) such that

Yo Y™ — 1/0, (m — oo, me S(n)). (4.13)
Hence, as a trivial consequence of (15),
| oy [V 1 (m — oo, m € S(n)). (4.14)
Using (4.5) we express (4.13) and (4.14) in terms of 4P, 4 and imme-
diately obtain (4.3).
If (4.11) does not hold, (4.12) must be satisfied. Now either (15) holds

or we may use Lemma [ (stated in the Introduction) and take S(n) = #.
With this new meaning of S(n), (4.14) still holds and, by (13) and (4.6),

| Yo P17 ] 8 M —> 1 (m — 0, m € S(n)),
I < (lim inf | y,, [V/™)(lim sup |3, /). (4.15)
meS(n)

Hence, if the lim inf in the above relation is <<1/o,, , we must, in view of (4.9)
have

Typ_1 > Ty .

This contradicts (4.4) and, consequently, (4.13) as well as (4.14) must hold
with the new meaning of S(x). As in the preceding argument we thus establish
(4.3). The proof of Lemma 4.1 is now complete.

5. PROOF OF THEOREM 1

Consider first the case n > 1; n is a given integer, S(n) is the infinite se-
quence whose existence is established in Lemma 4.1, and

Ppn(z) = Pu(2) = ay + po(m, ) z + -+ + pulm, n) 27

i z
defines the associated sequence of Padé numerators.

The values of the coefficients p;(m, n) are explicitly given by (6). For our
purpose it is essential to note the value of the leading coefficient p,.(m, n)
given in (7).
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Since n remains fixed throughout the proof we omit it from the notation
unless the omission is likely to create confusion. We write below

S, Pu s pulim), z{m), o
instead of
S(1), P » Plm, 1), z,(m, n), o, .
We perform the change of variable
t=z/o (5.2)

and consider beside P,(z) the auxiliary polynomial 7,,(¢) of the variable ¢
T(t) = P (ot) = ay + py(m) ot + == + pu(m) a™t™ = 3 t(m) #*. (5.3)
=0

By Lemma 4.1 we have as

m— oo, meSs, (5.4)
the limit relations
n—1
| A s 1T o (5.5)
j=0
Af”:Hl) 1/m 1
I T | e (5.6)
Now by (5.3)

and by (5.5) and Lemma 2.2,
log 2,, = o(m) (m — oo, me ). (5.8)

From this point on, the proof of assertion III of Theorem 1 may be obtained
by using a simple and elegant result of Rosenbloom’s [10, Theorem XIII,
p. 25]. To avoid a proof based on some work which may be difficult to
consulf, we use, instead, a classical theorem of Erdds and Turan [4]. The
latter result, published several years after Rosenbloom’s thesis, is unneces-
sarily precise for the purpose of the present note. Rosenbloom restated and
generalized in [11] many results of his dissertation. Since, in his later version,
Rosenbloom only sketches most of his proofs, it may be that [4] still provides
the easiest access to complete arguments.
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In order to apply the result of Erdds and Turan we consider the expression

" L ty(m) ta(m) R

By (7), (5.3), and (5.6)
[ to(m) tm(m)| = | ag | 6™ | pm(m)| = | ap [(1 + 9m)™, (5.9)

with 7,, — 0 under the conditions (5.4).
From (5.7), Cauchy’s estimate, and (5.8) we deduce

log (i | t,-(m)l) < log(m + 1) + log Q,, = o(m),

j=0
and hence, in view of (5.9)

log Xy, = qpm.

(In the preceding estimates we have used our notational convention about

Nm -)
The theorem of Erdos and Turan [4, Theorem 1, p. 106] now asserts

Nm: g1, ) — PP | < 16mia(log X,
This clearly implies (9) and assertion III of Theorem 1 is proved.

To prove assertion II of the Theorem denote by v,, the number of zeros of
T,(¢) in the disk

l1]<l—¢ (0<e<]l).

Then, by Jensen’s formula

loglaol-}-vmlog(lie)

1
<log|ap| + tog -— s < log 2.
° (|zj(m)%:a)<1~e | z{(m)\/o

and hence by (5.8)

v, = o{m) (m— o, meS). (5.10)

Similarly, considering the polynomial

Wou(w) = wnT,(1/w)
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instead of T,(2), we see that the number 7, of zeros of P,,(z) in the region
[z Zo(l+ ¢
satisfies the condition
U == 0(m) (m—> o, mes). (5.11)

Assertion 1I of Theorem 1 follows from (5.10) and (5.11). This completes the
proof of Theorem 1 in the case n > 1.

The case n = 0 is of interest since it corresponds to the original theorem of
Jentzsch and Szegd. In order to cover it by the above method, it suffices to
observe that, since 4 = 1, we may select S(0) to be any infinite sequence
such that

l AD im | @y [M™ > 1, (m — o0, m € S(0)).
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